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SPIN(7) METRICS FROM KÄHLER GEOMETRY
UDHAV FOWDAR
Abstract. We investigate the T2-quotient of a torsion free Spin(7)-structure
on an 8-manifold under the assumption that the quotient 6-manifold is Käh-
ler. We show that there exists either a Hamiltonian S1 or T2 action on the
quotient preserving the complex structure. Performing a Kähler reduction in
each case reduces the problem of finding Spin(7) metrics to studying a system
of PDEs on either a 4- or 2-manifold with trivial canonical bundle, which in
the compact case corresponds to either T4, a K3 surface or an elliptic curve.
By reversing this construction we give infinitely many new explicit examples
of Spin(7) holonomy metrics. In the simplest case, our result can be viewed
as an extension of the Gibbons-Hawking ansatz.
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1. Introduction
In this paper we study the Kähler reduction of torsion free Spin(7)-structures.
More specifically we consider an eight-manifold N8 endowed with a torsion free
Spin(7)-structure which is invariant under the free action of a two-torus. We show
that in general the quotient six-manifold P 6 is only an almost Kähler manifold.
Under the further assumption that the almost complex structure is integrable i.e.
P is Kähler, we discover that it inherits naturally either a C× or (C×)2-action. This
allows us to perform a Kähler reduction, in the sense that this is both a symplectic
and holomorphic quotient, to a complex surface M4 or a complex curve Σ2. Our
main result is that one can reverse this construction i.e. starting from a Kähler
manifold M4 or Σ2 with some additional data we can construct a Spin(7) holo-
nomy metric. By solving these equations in special cases we give many new explicit
2010 Mathematics Subject Classification. 53C10, 53C29, 53C55.
Key words and phrases. Exceptional holonomy, Kähler geometry, Torus action, Spin(7)-
structure, G2-structure, SU(3)-structure.
1
2 U. FOWDAR
(incomplete) examples of Spin(7) metrics. The precise statements of our results
are given in Corollary 4.4 and Theorem 10.1.
Motivation. In [1] Apostolov and Salamon considered the problem of taking
the circle reduction of a G2 manifold L
7 under the assumption that the quotient
P 6 is Kähler. They discovered a surprisingly rich underlying geometry which led to
the construction many explicit G2 holonomy metrics. Due to the intricate relation
between G2 and Spin(7) geometry, a natural question to ask is whether a similar
construction also holds for Spin(7) manifolds. This investigation is precisely what
led to the current paper.
An important problem in differential geometry is the construction of Ricci flat
metrics in higher dimensions. Due to the complex nature of the PDEs this is a very
challenging task. In dimensions 7 and 8, however, an often simpler problem is to
construct G2 and Spin(7) holonomy metrics (which are automatically Ricci flat)
as the PDEs are of first order. This remains nonetheless a daunting problem as in
general one still has to deal with a system of (49 or 56) PDEs cf. [7]. The innovative
idea of Apostolov and Salamon was that if one could reduce such a problem to a
problem in Kähler geometry then one could considerably simplify these equations.
This is essentially due to fact that in Kähler geometry one can often use the ddc-
lemma to reduce complicated system of PDEs to one involving only a function, e.g.
the Kähler potential as in Yau’s proof of the Calabi conjecture [28]. In our present
context we shall primarily appeal to the local ddc-lemma to reduce the Spin(7)
equations to a single PDE.
Our construction, in the C× action case recovers the Apostolov-Salamon con-
struction in the special situation when N8 is the product of a G2 manifold L
7
and a circle. The key point of our construction relies on the fact that the Käh-
ler assumption on P 6 implies that M4 is endowed with a holomorphic symplectic
form ω2 + iω3. In [1], one of the S
1 bundles was determined by the cohomology
class [ω2] ∈ H2(M,Z), ignoring factors of 2π, and in our case we can construct
an additional S1 bundle using [ω3] ∈ H2(M,Z) (up to finite covers). In fact the
Apostolov-Salamon equations are simply a truncation of our Spin(7) equations.
In the simplest instance, our construction can be viewed an as extension of the
Gibbons-Hawking ansatz, which gives a way of constructing 4-dimensional hyper-
Kähler metrics, see Corollary 6.2 and 7.1. Thus, this gives an elementary way of
constructing Spin(7) metrics starting from just a harmonic function on an open
set of R3. Another interesting aspect of our construction is that it can also be
viewed as a special case of the T3 reduction of Spin(7) metrics via multi-moments
as described by Madsen in [24]. This T3 action is obtained in our setting by con-
sidering, in addition to the original T2 action, the horizontal lift of the S1 ⊂ C×.
The multi-moment map turns out to be the actual symplectic moment map for the
Kähler reduction from P 6 to M4. This shows that the name multi-moment map is
indeed befitting.
In the case of (C×)2 action, we show that a completely analogous theory holds.
We show that the general problem of constructing a Spin(7) metric can be reduced
to choosing a positive harmonic function and solving a single PDE in dimension 2.
From this we are able to construct explicit examples of Spin(7) metrics starting
from just an elliptic curve and the punctured complex plane. In contrast to the
previous situation, the horizontal lift of the T2 ⊂ (C×)2 action on P 6 does not
preserve the Spin(7)-structure. Thus, our examples correspond to torus bundles
over torus bundles; which we aptly call ‘nilbundles’. In particular, our examples
differ from those discovered by Madsen and Swann in the context of toric Spin(7)
manifolds [6] which instead have T4 symmetry.
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Currently the most effective method of constructing non-compact Spin(7) holo-
nomy metrics involves evolving cocalibrated G2-structures on some homogeneous
spaces via the Hitchin flow [20, Theorem 7]. Recently a new technique was de-
veloped by Foscolo, which involves constructing Spin(7) metrics on ‘small’ circle
bundles over the anti-self-dual orbibundle of self-dual Einstein 4-orbifolds [13]. Our
result provides a new way constructing more examples. Albeit incomplete, we
nonetheless expect that the explicit nature of our metrics will be useful as testing
ground for more general theories and also in future gluing constructions, similar
to the one carried out in [18] in the hyperKähler setting. The first, and simplest,
example which fits into our construction was discovered by Gibbons, Lü, Pope and
Stelle (GLPS) in [16] by taking a ‘Heisenberg limit’ of the Bryant-Salamon Spin(7)
metric on the spinor bundle of S4. A different description of their example was also
given in [26]. It was detailed study of this example that led to the results in this
paper. The rest of the paper is organised as follows:
Outline. In section 2 we carry out the T2 reduction of a torsion free Spin(7)-
structure and describe the intrinsic torsion of the induced SU(3)-structure on the
quotient six-manifold. We show that in general the quotient is only an almost Käh-
ler manifold. In section 3 we impose that the SU(3)-structure is Kähler i.e. that the
almost complex structure is in fact integrable. We show that the quotient manifold
is naturally equipped with Hamiltonian vector fields U and W which also preserve
the complex structure. These vector fields can either span a line or a 2-plane in
TN . We consider the two cases separately. In the former case, we carry out a
Kähler reduction to a four-manifold M4 endowed with a holomorphic symplectic
form. We then explain how this procedure may be inverted in exactly two cases;
one corresponding to the situation when one of the circle bundle is trivial (which
corresponds to the Apostolov-Salamon construction) and the second one when both
circle bundles are non-trivial, see Theorem 3.4 and Corollary 4.4. We also explain
how this reduces the local problem of finding Spin(7) metrics to solving a single
second order PDE (for a 1-parameter family of Kähler potentials) on an open set
of M4 × R. After stating a general existence result in the case when we have real
analytic initial data on M4, we then proceed to describe the simplest examples
that can arise from our construction starting from hyperKähler four-manifolds. In
section 6 we describe the examples of Gibbons et al. in our setup and in section
7 we give a new example of a Spin(7) metric. In section 8 we explain how the
simplest examples may also be obtained from the Hitchin flow of cocalibrated G2-
structures on certain nilmanifolds. In section 9 we show that one can perturb the
(Kähler potential of the) examples of section 5 to construct more complicated ones,
which are no longer of cohomogeneity one type. We illustrate this construction by
giving an explicit example of a Spin(7) metric by perturbing the GLPS example.
In section 10 we address the situation when the commuting vector fields U and
W are orthogonal. We carry once again a Kähler reduction but now to a complex
curve Σ2. In this case we reduce the local problem of constructing a Spin(7)-metric
to choosing a positive harmonic function on Σ2 and solving a single PDE on an
open set of Σ2 × R. By inverting this construction we construct more examples of
Spin(7) metrics in sections 11 and 12.
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that led to this article. This work was supported by the Engineering and Physi-
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2. T2-reduction of torsion free Spin(7)-structures
2.1. The basics. A torsion free Spin(7)-structure on an eight-manifold N8 is de-
fined by a closed 4-form Φ which is pointwise linearly equivalent to
Φ0 = dx0123 + dx0145 + dx0167 + dx0246 − dx0257 − dx0347 − dx0356
dx2345 + dx2367 + dx4567 − dx1247 − dx1256 − dx1346 + dx1357,
where (x0, . . . , x8) denote the standard coordinates on R
8 and dxijlk := dxi∧dxj ∧
dxk∧dxl. The 4-form Φ then defines a Ricci-flat Riemannian metric gΦ and volume
form volΦ on N
8. Similarly a G2-structure on a seven-manifold L
7 is defined by a
3-form ϕ which is pointwise linearly equivalent to
ϕ0 = ∂x0y Φ0,
with coordinates (x1, . . . , x7) on R
7. The 3-form ϕ determines a metric gϕ and
volume form volϕ, and hence also a Hodge star operator ∗ϕ . We say that ϕ defines
a torsion free G2-structure if it is both closed and coclosed. The induced metric gϕ
is then Ricci-flat. We refer the reader to the standard references for more details
on exceptional holonomy manifolds cf. [7, 22, 25]. The last notion we shall require
is that of an SU(3)-structure on a six-manifold P 6. This is given by an almost
complex structure J , a real non-degenerate 2-form ω of type (1, 1) and a complex
3-form Ω = Ω+ + iΩ− of type (3, 0), satisfying the compatibility condition
2
3
ω3 = Ω+ ∧ Ω−,
where we use the shorthand notation ω3 = ω∧ω∧ω. If the differential forms (ω,Ω)
are closed then the induced metric gω(·, ·) := ω(·, J ·) is Ricci-flat. We denote by ∗ω
the induced Hodge star. This theory is elaborated in [4, 12].
2.2. The general setup. In this paper we consider the problem of taking the
quotient of a torsion free Spin(7)-structure (N8,Φ) under the free action of a 2-
torus. Since (N,Φ) is Ricci-flat, the hypothesis that the action is free and preserves
Φ implies that if N is compact then it is the Riemannian product of the flat T2
and a six-manifold. Thus, we shall assume that N is non-compact, although our
calculations are always valid in a small neighbourhood where such an action is free.
Denoting a pair of perpendicular commuting vector fields generating this torus
action by X and Y , our hypothesis is that
LXΦ = LY Φ = 0.
The quotient six-manifold P 6 then inherits an SU(3)-structure. From a linear
algebra point of view this follows from the fact that
Spin(7)
G2
= S7 and
G2
SU(3)
= S6,
whereby the 2-plane in the tangent space of N invariant under the SU(3) action
is generated by the span 〈X,Y 〉. If we denote by (ω,Ω = Ω+ + iΩ−) the real
2-form and complex (3, 0)-form defining the induced SU(3)-structure on P 6 then
they relate to the Spin(7) form Φ by
Φ = η ∧ (ξ ∧ ω +H3/2Ω+) + s4/3(1
2
H2ω ∧ ω −H1/2ξ ∧ Ω−),
where η and ξ denote the connection 1-forms defined by
η(·) = s2gΦ(X, ·),
ξ(·) = H2gϕ(Y, ·),
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with s = ‖X‖−1Φ and H = ‖Y ‖−1ϕ , and here ϕ := ιXΦ is denoting (the pullback of)
the G2-structure on the seven-manifold L
7 obtained from quotienting by the circle
action generated by X ;
(N8,Φ, gΦ)
/S1X−−−→ (L7, ϕ, gϕ) /S
1
Y−−−→ (P 6, ω, gω,Ω).
Note that ω and Ω+ can equivalently be expressed as
ω = Y y Xy Φ and Ω+ = H−3/2(Xy Φ− ξ ∧ ω).
Remark 2.1. A priori the reader might find it unnatural that we are distinguishing
the vector fields X and Y , since rather than performing a direct T2 reduction we
are instead performing two circle quotients in succession. The advantage of this
procedure of going through the intermediate G2 quotient is that it makes it easier
to reconcile our construction with the more familiar Apostolov-Salamon one.
The positive functions s and H are T2-invariant and as such are pullbacks of
functions on P , which by abuse of notation we also denote by s and H . The
associated metrics are then related by:
gΦ = s
−2η2 + s2/3gϕ,
gϕ = H
−2ξ2 +Hgω.
A direct computation shows that the condition dΦ = 0 is equivalent to dω = 0
together with the system
dΩ+ = −3
2
d(lnH) ∧ Ω+ −H−3/2dξ ∧ ω,(2.1)
dΩ− = −(4
3
dc(ln s) +
1
2
dc(lnH)) ∧ Ω+ − s−4/3H−1/2dη ∧ ω,(2.2)
H3/2dη ∧ Ω+ + 1
2
d(H2s4/3) ∧ ω2 − s4/3H1/3dξ ∧ Ω− = 0,(2.3)
where dc := J ◦ d and J is the almost complex structure on P 6 determined by Ω.
Here we follow the convention that J acts on a 1-form β by Jβ(·) = β(J ·), which
differs from the convention in [1] by a minus sign.
Note in particular that (2.1) implies that ϕ is a closed G2-structure. Moreover,
from [14, Theorem 3.6 ] we also know that ϕ is also coclosed, hence torsion free, if
and only if gΦ has holonomy contained in SU(4).
From equations (2.1) and (2.2) it follows that dη and dξ have no ω-component.
Thus, dη, dξ ∈ [Λ2,0]⊕ [Λ1,10 ] = Λ26 ⊕ Λ28 and we may write
dη ∧ ω = αη ∧ Ω+ + (dη)28 ∧ ω,
dξ ∧ ω = αξ ∧ Ω+ + (dξ)28 ∧ ω,
for 1-forms αη and αξ on P , and with (dη)
2
8 and (dξ)
2
8 denoting the Λ
2
8-components
of dη and dξ respectively. Condition (2.3) can then equivalently be expressed as
J(αη)− s4/3H−1αξ = 1
2
H−3/2d(H2s4/3).
From the theory of SU(3)-structures cf. [4, 12] we can decompose the system (2.1),
(2.2) into irreducible SU(3)-modules and express the 1-forms αξ and αη only in
terms of s and H . The result of this calculation is summed up in the following
lemma:
Lemma 2.2. The condition dΦ = 0 is equivalent to dω = 0 and the system
dΩ+ = d(ln(H−1/2s−1/3)) ∧Ω+ −H−3/2(dξ)28 ∧ ω,
dΩ− = dc(ln(H−1/2s−1/3)) ∧ Ω+ − s−4/3H−1/2(dη)28 ∧ ω,
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with
J(αη) = H
1/2s1/3ds and αξ = −H1/2dH + 1
3
H3/2s−1ds.
Following the notation of [4], the non-zero terms of the SU(3) decomposition are
given by:
π1 = d(ln(H
−1/2s−1/3)),
π2 = H
−3/2(dξ)28,
σ2 = s
−4/3H−1/2(dη)28.
These differential forms define the intrinsic torsion of the SU(3)-structure (ω,Ω) i.e.
they measure the failure of the holonomy group to reduce to (a subgroup of) SU(3)
cf. [7, 25]. Similarly to the Gray-Hervella decomposition [17] one can define different
classes of SU(3)-structures by imposing the vanishing of various combinations of
these forms. In particular, we have the following interesting classes:
(1) Calabi-Yau (CY) i.e. π1 = 0 and π2 = σ2 = 0
(2) Kähler i.e. π2 = σ2 = 0
(3) Special Generalised Calabi-Yau i.e. π1 = 0 and π2 = 0
In this paper we shall be primarily interested in the Kähler case, but before pro-
ceeding ahead we make the following important observation.
Proposition 2.3. If s is constant then (L7, ϕ) has holonomy contained in G2 and
(N8,Φ) is the Riemannian product of L7 and S1. If furthermore, H is also constant
then (P 6, ω,Ω) has holonomy contained in SU(3) and (N8,Φ) is the Riemannian
product of P 6 and a flat 2-torus. Hence ξ and η cannot both be Hermitian Yang-
Mills connections if (N8,Φ) has holonomy Spin(7).
Proof. If s is constant then dη ∈ Λ28. By differentiating the relation
dη ∧ Ω− = 0
we get that ‖dη‖ω = 0. It follows that [dη] defines a trivial class in H2(L,Z) and
this proves the first claim. If H is also constant we can apply the same argument
to dξ. The last assertion follows directly from Lemma 2.2. 
Remark 2.4. Our construction also includes the T2 quotient of hyperKähler eight-
manifolds and CY 4-folds under the group inclusions: Sp(2) ⊂ SU(4) ⊂ Spin(7).
As differential forms these can be expressed as
Φ =
1
2
(ωI ∧ ωI + ωJ ∧ ωJ − ωK ∧ ωK)
=
1
2
(ωˆ ∧ ωˆ) +Re(Ωˆ),
where (ωI , ωJ , ωK) defines the hyperKähler triple and (ωˆ, Ωˆ) denotes the symplectic
and holomorphic (4, 0)-form of the CY 4-fold. In the hyperKähler case, our con-
struction includes the hypertoric case, which was classified by Bielawski [5]. Note
that even if N8 is a hyperKähler manifold it is not generally the case that the
quotient SU(3)-structure is torsion free. For instance, in [14] we considered the T2-
quotient, generated by right and left multiplication by an imaginary quaternion,
of (an open set in) R8 ∼= H2 with the flat Spin(7)-structure and found that the
quotient SU(3)-structure has all of π1, π2 and σ2 non-zero.
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3. The Kähler reduction
3.1. The first reduction. We shall now impose that J is an integrable almost
complex structure so that (P 6, ω, J) is a Kähler manifold. This implies that dη, dξ ∈
Λ26 = [Λ
2,0] and thus we have
dΩ+ = d(ln(H−1/2s−1/3)) ∧ Ω+(3.1)
dΩ− = dc(ln(H−1/2s−1/3)) ∧ Ω+(3.2)
with
J(αη) = H
1/2s1/3ds and αξ = −H1/2dH + 1
3
H3/2s−1ds
satisfying
[∗ω(αη ∧ Ω+)], [∗ω(αξ ∧ Ω+)] ∈ H2(P 6,Z).
Remark 3.1. Since
d(H1/2s1/3Ω) = 0
i.e. it is a holomorphic (3, 0)-form, it follows that the Ricci form of (P 6, ω,Ω) is
given by
ρ = i∂∂¯(ln(Hs2/3))
= i∂∂¯(lnH) +
2
3
i∂∂¯(ln s).
and the scalar curvature is
S = −d∗d(ln(Hs2/3)),
where d∗ denotes the codifferential on P , cf. [23, Pg. 158].
Proposition 3.2. The intrinsic torsion τ of the closed G2-structure ϕ, defined by
d ∗ϕ ϕ = τ ∧ ϕ, is given by
τ = ∗ω(1
3
H1/2s−1dcs ∧ Ω+)− 2
3
H−1s−1ξ ∧ dcs
= −1
3
s−4/3dη − 2
3
H−1s−1ξ ∧ dcs.
Thus, it follows that Apostolov-Salamon construction, which considers the Kähler
S1 reduction of torsion free G2-structures, corresponds to the case when the first
circle bundle is just a trivial bundle i.e. αη = 0, or equivalently dη = 0 or s is
constant (which by rescaling we can assume is 1). In our notation their result can
be stated as follows:
Proposition 3.3 (Apostolov-Salamon [1]). Given a Kähler 6-manifold (P 6, ω, J)
with an SU(3)-structure determined by the (3, 0)-form Ω = Ω++iΩ− and a positive
function H such that
d(H1/2Ω+) = 0
and
(3.3) [− ∗ω (2
3
d(H3/2) ∧ Ω+)] ∈ H2(P,Z),
then
ϕ := ξ ∧ ω +H3/2Ω+
defines a torsion free G2-structure on the S
1-bundle determined by (3.3), where ξ
is a connection 1-form on the circle bundle satisfying
dξ = − ∗ω (2
3
d(H3/2) ∧ Ω+).
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Moreover, the Hamiltonian vector field corresponding to −H also preserves Ω, hence
J , and thus one can perform a Kähler reduction to a four-manifold endowed with
a holomorphic symplectic structure.
Since we shall give explicit examples corresponding to the case when s = H3/4 in
sections 6 and 7, it is worth stating the corresponding proposition in this situation.
Proposition 3.4. Given a Kähler 6-manifold (P 6, ω, J) with an SU(3)-structure
determined by the (3, 0)-form Ω = Ω+ + iΩ− and a positive function H such that
d(H3/4Ω+) = 0
and
(3.4) [− ∗ω (1
2
d(H3/2) ∧ Ω+)], [− ∗ω (1
2
dc(H3/2) ∧ Ω+)] ∈ H2(P,Z),
then
Φ := η ∧ ξ ∧ ω +H3/2η ∧ Ω+ + 1
2
H3ω2 −H3/2ξ ∧Ω−
defines a torsion free Spin(7) structure on the T2-bundle determined by (3.4), where
η and ξ are connection 1-forms on the torus bundle satisfying
dξ = − ∗ω (1
2
d(H3/2) ∧ Ω+),
dη = − ∗ω (1
2
dc(H3/2) ∧ Ω+).
Proof. The proof is immediate from (3.1) and (3.2). 
3.2. A second reduction. In order to perform a further reduction, we define, in
hindsight, two Hamiltonian vector fields U and W by
ω(U, ·) = −d(Hs−1/3)
and
ω(W, ·) = ds.
Using these vector fields, the curvature 2-forms of η and ξ can be equivalently
expressed as
dξ = −Uy (H1/2s1/3Ω+),(3.5)
dη = −JWy (H1/2s1/3Ω+).(3.6)
Thus, by differentiating these equations and using (3.1) and (3.2) it follows that U
and W , in addition to being Hamiltonian, also preserve the complex structure J .
In other words, they define an infinitesimal symmetry of the (torsion free) U(3)-
structure determined by (P, ω, J, gω).
Remark 3.5. It is known from [19, Sect. 2] that the stabiliser of the real (or
imaginary) part of Ω is isomorphic to SL(3,C). Since
SU(3) = SL(3,C) ∩ Sp(6,R),
it follows that the SU(3)-structure is completely determine by the pair (ω,Ω+).
Moreover the group inclusion
SL(3,C) →֒ GL(3,C)
implies that changing Ω+ by a positive factor leaves the induced complex structure
J unchanged.
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It is not generally true that U and V preserve the whole SU(3)-structure. In fact,
we have that
LUΩ+ = LWΩ+ = 0 if and only if LUs = 0.
We shall henceforth assume that this is indeed the case. The idea is now to perform
a Kähler reduction using the action generated by these vector fields. In particular
we shall investigate the following two situations:
(1) s = s(H) i.e. s is a function of H
(2) s and y := Hs−1/3 are independent functions, and the vector fields U and
W are orthogonal i.e.
gω(U,W ) = ω(W,JU) = 0.
Let us explain the geometry of these hypotheses. The assumption that s is invariant
by U implies that W and JU are orthogonal. The two possibilities are either that
W lies in the complex span of U and hence, W and U are equal up to some
function, or that W has a non-trivial component orthogonal to the span 〈U, JU〉.
So geometrically condition (1) is saying that the vector fields U and W define the
same line field on P , whereas condition (2) means that the complex planes defined
by 〈U, JU〉 and 〈W,JW 〉 are in fact orthogonal to each other.
We consider these two cases separately, though our general strategy will the same
in both cases. We shall first focus on situation (1) and defer the study of case (2)
to section 10.
4. Further reduction I
4.1. S1 Kähler reduction. Working under the assumption that s = s(H) we can
perform a Kähler reduction, with respect to the vector field U , to a four-manifold
M4. The reader will find the general theory of Kähler reduction elaborated in [21,
Sect. 3C]. We shall describe this construction in our context in more detail.
First we define a connection 1-form α on P by
α(·) = u gω(U, ·),
where u := ‖U‖−2ω , so that α(U) = 1. From the definition of U , we can express α
and ω as
α = ug(H)s−1/3dcH,
ω = ω˜1(H) + s
−1/3g(H)α ∧ dH,
where g(H) := −1 + 13Hs−1s′ and ′ denotes the derivative with respect to H . We
define a holomorphic (2, 0)-form ω2 + iω3, invariant under the complexified U(1)
action generated by the vector field U on M4, by
H1/2s1/3Ω = (ω2 + iω3) ∧ (α − iJα).
The symplectic form on the Marsden-Weinstein quotientM4 of (P, ω), with moment
map −Hs−1/3, can then be identified with ω˜1. On the other hand, viewed as a
GIT or holomorphic quotient a compatible complex structure J1 on the quotient
is defined by ω2(·, ·) = ω3(J1·, ·), cf. [25, Sect. 8]. We are assuming here that the
quotient is carried out for regular values of the moment map or equivalently that
this is the stable GIT quotient.
The last step of our construction is to impose the Kähler constraint on (ω,Ω) and
to express it only in terms of u, α, ω˜1, ω2 and ω3. In other words, we formulate the
Kähler condition on P 6 purely in terms of the data on M4. Since the computations
are similar to [1], albeit more involved, we omit the details. The fact that this
construction is reversible follows by noting that given the initial data on M4 we
10 U. FOWDAR
can define N8 as the product of R+H and the bundle determined by the cohomology
classes [dα], [dξ] and [dη].
Denoting by dM and dP the exterior differential on M and P respectively, and
defining dcM := J1 ◦ dM , the result of this construction is summed as follows.
Theorem 4.1. Let (M4, J1) be a complex four-manifold endowed with a 1-parameter
family of Kähler forms ω˜1(H), a 1-parameter family of positive functions u(H) and
a closed holomorphic (2, 0)-form given by ω2 + iω3 satisfying the two conditions:
1
2
u(ω2 + iω3) ∧ (ω2 − iω3) = Hs2/3 ω˜1 ∧ ω˜1,(4.1)
dMd
c
Mu = s
2/3g−2ω˜′′1 +
1
2
(s2/3g−2)′ω˜′1.(4.2)
Then
ϕ = ξ ∧ (ω˜1 + s−1/3g α ∧ dH) +Hs−1/3ω2 ∧ α− uHs−2/3g ω3 ∧ dH
defines a closed G2-structure on L
7; the T2α,ξ bundle determined by the integral
cohomology classes [dξ] and [dα] on M4 × R+H , where
dξ = −ω2,
dα = s−1/3g dcMu ∧ dH − s1/3g−1ω˜′1.
If we further assume that
(4.3) [∗ω(H1/2s1/3dcs ∧ Ω+)] ∈ H2(P 6,Z)
so that there is another connection 1-form η satisfying
dη = − ∗ω (H1/2s1/3dcP s ∧Ω+),
then the 4-form
Φ = η ∧ ϕ+ s4/3 ∗ϕ ϕ
defines a torsion free Spin(7)-structure on N8; the total space of the S1 bundle on
(L7, ϕ) defined by [dη] ∈ H2(P 6,Z), and the induced metric is given by
(4.4) gΦ = s
−2η2 + (s2/3H−2)ξ2 + (s2/3Hu−1)α2 + (g2Hu)dH2 + (s2/3H)gω˜1 .
Remark 4.2. For generic data on M4, satisfying the hypothesis of the theorem,
the holonomy of Φ is equal to Spin(7). If the holonomy is a subgroup of Spin(7)
then there exists a non-trivial parallel vector field, which also commutes with X,Y
and U as they preserve Φ cf. [10, Theorem 4]. Since the curvature forms of η and
α are non-trivial unless s is constant or dMu = 0 and ω˜
′
1 = 0, this vector field
does not lie in the span of 〈X,Y, U〉 in general. Assuming this is the case, it must
therefore descend to an infinitesimal symmetry of the Kähler structure on M and
u(H). Thus, if we further assume that the data (M4, ω1(H), ω2+ iω3, u(H)) has no
infinitesimal symmetry then the holonomy must be equal to Spin(7). Note however
that this is only a sufficient but not necessary condition as the horizontal lift of an
infinitesimal symmetry of the data on M will not preserve Φ in general.
Proposition 4.3. The Ricci form of (M4, ω˜1, J1, gω˜1) is given by
ρM =
1
2
dMd
c
M (lnu).
Proof. This follows immediately from the fact that
‖ω2 + iω3‖ω˜1 = c0 · u−1/2H1/2s1/3,
where c0 is a positive constant, and that H and s are constants on M
4. 
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Thus, the induced metric onM is Ricci-flat if and only if lnu is a harmonic function
onM , for each value of H . IfM is compact then this means that u is only a function
of H i.e. it is constant on M .
To sum up, what we have shown so far is that if a Spin(7) manifold admits a
T2-invariant 4-form Φ with s = s(H) and that the resulting quotient six-manifold is
Kähler then in fact there exists a third S1 action preserving the Spin(7)-structure.
To be more precise, the horizontal lift of the vector field U to N8, still denoted by
U by abuse of notation, also preserves Φ since
LUη = LUξ = 0,
and commutes with X and Y . In fact, our construction fits in the more gen-
eral framework investigated by Madsen in the context of multi-moment maps on
Spin(7)-manifolds with T3 symmetry [24]. In our present situation the multi-
moment map ν, defined by
dν = Φ(X,Y, U, · ),
corresponds to the Hamiltonian function−Hs−1/3 and the four-manifoldM4 can be
identified with the “multi-moment Spin(7) reduction”. Our perspective has however
the advantage of inheriting a richer structure owing to the Kähler condition which
we shall exploit in the next sections.
Note that one can generally solve equations (4.1) and (4.2) for many different
choices of the function s and thus construct many closed G2-structures. However, it
is condition (4.3) that determines when we can lift such a G2-structure to a torsion
free Spin(7)-structure. This is precisely what we investigate next i.e. we shall solve
equation (4.3) and thus determine for which function s(H) we get a torsion free
Spin(7) structure.
4.2. The Spin(7) condition. From equations (3.5) and (3.6) the curvature forms
can be expressed as:
dξ = −s1/3H1/2(Uy Ω+),
dη =
H1/2s1/3s′
s−1/3 − 13Hs−4/3s′
(JUy Ω+).
We also recall that the holomorphic (2, 0)-form defined by
ω2 + iω3 =
1
2
(U − iJU)y (H1/2s1/3)(Ω+ + iΩ−)
= H1/2s1/3((Uy Ω+) + i(−JUy Ω+))
is closed, since d(H1/2s1/3Ω) = 0, and by definition is invariant on the leaves of
the foliation generated by holomorphic vector field U − iJU and thus passes to the
Kähler quotientM4. It is now easy to see that the curvature forms are equivalently
given by
dξ = −ω2 and dη = −
( s′
s−1/3 − 13Hs−4/3s′
)
ω3.
A remark on integrality and anti-instantons. Although ω2 and ω3 do not
generally define integral classes in H2(M,R) this is nonetheless always true locally.
In what follows we shall assume that the classes are indeed integral and the reader
is welcome to interpret the results as always valid in a suitable open set. In the
case when M4 is compact then, from Kodaira’s classification of complex surfaces,
M is either a torus T4 or a K3 surface with
H0,2 ⊕H2,0 ∩H2(M,Z) = 〈[ω2], [ω3]〉Z.
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In particular, our assumption implies that the connection forms ξ and η are abelian
anti-instantons.
Thus, condition (4.3) now becomes equivalent to solving the non-linear ODE:
s′ = A · (s−1/3 − 1
3
Hs−4/3s′),
for A ∈ Z. The solution is implicitly given by
AH = s1/3(s+ c),(4.5)
where c is a constant of integration. If A = 0 then the positivity assumption on
s forces c to be negative, and by rescaling s we can assume c = −1. Thus, s = 1
and Proposition 3.2 implies that Theorem 4.1 reduces to the Apostolov-Salamon
construction [1, Theorem 1]. In other words, setting A = 0 truncates the Spin(7)
equations to the G2 equations considered in [1]. In what follows it will be more
convenient to use s as the independent variable, rather than H .
Corollary 4.4. Suppose that constants A 6= 0 and c are chosen such that s is
positive in (4.5). Given a four-manifold M4 with the data (ω˜1, ω2, ω3, J1, u) as in
Theorem 4.1 and satisfying the two conditions:
1
2
u(ω2 + iω3) ∧ (ω2 − iω3) = A−1s(s+ c) ω˜1 ∧ ω˜1,(4.6)
dMd
c
Mu = A
2 ∂
2
∂s2
(ω˜1)(4.7)
Then the 4-form
Φ = η ∧ ϕ+ s4/3 ∗ϕ ϕ
defines a torsion free Spin(7)-structure on N8; the total space of the T3α,ξ,η bundle
on M4 × R+H defined by
dξ = −ω2,
dη = −A · ω3,
dα = −A−1dcMu ∧ ds+A
∂
∂s
(ω˜1)
and the induced metric is given by
gΦ = s
−2η2 +
A2
(s+ c)2
ξ2 +
s(s+ c)
A · u α
2 +
s(s+ c)u
A3
ds2 +
s(s+ c)
A
gω˜1.
Here the calibrated G2-structure ϕ on L
7 is given by
ϕ = ξ ∧ (ω˜1 + 1
A
ds ∧ α) +
(s+ c
A
)
ω2 ∧ α + u(s+ c)
A2
ω3 ∧ ds.
Before proceeding to the construction of explicit examples, we first give a general
existence result and for simplicity we shall set A = 1.
4.3. A general local existence result. Since ω˜1 is a 1-parameter family of Kähler
forms there exists, on each suitably small open set B ⊂ M4, a Kähler potential
f : B → R, depending on s, such that
ω˜1 = dMd
c
Mf.
Thus, we may always solve equation (4.7) by setting
u = f¨ + r¨(s),
where ˙ refers to derivative with respect to s and r¨ is a non-negative function of
s only, chosen to ensure that u is positive. Picking complex Darboux coordinates
(z1, z2) on B, we can express the (2, 0)-form as
ω2 + iω3 = dz1 ∧ dz2.
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Defining F := f + r, equation (4.6) can now be expressed in these coordinates as
(4.8)
( 1
s(s+ c)
)
F¨ = 4det
( ∂2
∂zi∂z¯j
F
)
1≤i,j≤2
,
where ∂∂zj =
1
2 (
∂
∂xj
+ i ∂∂yj ) for j = 1, 2. Under the assumption that we are given
real analytic initial data to (4.8), we may then appeal to the Cauchy-Kovalevskaya
theorem for the general existence and uniqueness of a real analytic solution.
Corollary 4.5. Given a real analytic Kähler potential F0 on (an open set of)
a complex surface (M4, J1, ω2 + iω3) and an additional real analytic function F1,
then there exists a unique real analytic solution F (s), for s is a small interval, to
(4.8) with F (0) = F0 and F˙ (0) = F1, and hence by Corollary 4.4 a torsion free
Spin(7)-structure.
Remark 4.6. Thus, we have abstractly proven that there exists a large class of
Spin(7) metrics admitting Kähler reduction. Our general solution is determined by
2 functions, namely the two initial conditions to (4.8), of 4 variables. By contrast,
Bryant shows using Cartan-Kähler theory that an arbitrary Spin(7) metric is de-
termined by 12 functions of 7 variables cf. [7]. This difference is essentially due to
the fact that the Kähler condition has allowed us to reduce the general problem to
a single second order PDE involving a family of Kähler potentials.
For the sake of concreteness, we shall now investigate special cases when the pair
(4.6) and (4.7), or equivalently (4.8), can be solved explicitly.
5. Constant solutions I
We first consider the simplest case in Corollary 4.4 when u is only a function of
H i.e. dMu = 0. Solving equation (4.7) we get
ω˜1 = sωˇ0 + ωˆ0,
where ωˇ0 and ωˆ0 are 2-forms on M
4, independent of H . It is well-known that the
wedge product on Λ2 := Λ2(TM) defines a non-degenerate symmetric bilinear form
B of signature (3, 3) given by
S2(Λ2)→ Λ4 ∼= R
(β1, β2) 7→ B(β1, β2)θ,
where θ := 12ω2∧ω2 = 12ω3∧ω3. The orientation form θ onM4 allows for a splitting
Λ2 = Λ2+ ⊕ Λ2−,
with B is positive definite on Λ2+ and negative definite on Λ
2
−. Restricting B to the
2-plane in Λ2 spanned by 〈ωˇ0, ωˆ0〉, it follows from the theory of four-manifolds, cf.
[25, Chap. 7], together with the fact that ω˜1 is of type (1, 1) and ω2 + iω3 of type
(2, 0) that there exist closed (1, 1)-forms ω0 and ω1, and constants a, b, p, q such
that
ω˜1 = (a+ bs)ω0 + (p+ qs)ω1,(5.1)
where,
1
2
ω0 ∧ ω0 = −θ, 1
2
ω1 ∧ ω1 = θ, ω0 ∧ ω1 = 0.
Hence the triple (ω1, ω2, ω3) define a hyperKähler structure on M
4, while ω0 is an
anti-self-dual 2-form. From equation (4.6) we have
u =
s(s+ c)
A
· ((p+ qs)2 − (a+ bs)2),
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and the positivity condition on u implies that we need
p+ qs > |a+ bs|.
The T3α,ξ,η bundle on M
4 is then determined by
(5.2) (dα, dξ, dη) = (A · (bω0 + qω1),−ω2,−A · ω3).
A trichotomy of the total space of the T3 bundle arises from whether b > q, b = q
or b < q. When M4 = T4, these bundles correspond to certain 2-step nilmanifolds
as explained in [1]. In the next two sections we give explicit examples which arise
when we take M4 = T4 with its flat hyperKähler structure and we explain that
this generalises locally to any hyperKähler metric.
6. Examples with holonomy Spin(7), G2, SU(3) and SU(4).
6.1. The GLPS examples. The Spin(7) example we describe here was first dis-
covered by Gibbons, Lü, Pope and Stelle (GLPS) in [16]. This is a special case of
the constant solution when M = T4 with c = 0, A = 1 and (a, b, p, q) = (0, 0, 0, 1).
Choosing different integers A corresponds to pulling back their Spin(7) 4-form Φ to
covers of the circle bundle determined by dη. The induced Spin(7) metric is then
rescaled by a factor A1/2 on the covering space. The G2 example has also appeared
in [1, 12]. A curious feature in the following examples is that the symplectic form
on P 6 is always the same but the complex structure (on the fibre) changes. Put
differently, this means that each example below corresponds to a different integrable
section of the associated bundle on (P 6, ω) with fibre Sp(6,R)SU(3) .
Spin(7): Let P 6 = Q5 × Rt, where Q5 is a nilmanifold whose Lie algebra is given
by
(0, 0, 0, 0, 13 + 42)
in Salamon’s notation, cf. [27]. So we can choose a coframing ei on Q5 satisfying
de5 = e13 + e42,
dei = 0, for i = 1, 2, 3, 4
where eij := ei ∧ ej . We define a Kähler SU(3)-structure on P 6 by
ω = d(t · e5),
Ω = t(σ3 + iσ1) ∧ (−t−2e5 + it2dt),
where σ1 := e
12 + e34, σ2 := e
13 + e42 and σ3 := e
14 + e23 denote the standard
self-dual 2-forms on T4. The torsion forms, cf. Lemma 2.2, are then given by
dΩ+ = −t−1dt ∧Ω+,
dΩ− = t−5e5 ∧ Ω+.
Taking H = t4/3 and s = t, we have dξ = σ3 and dη = σ1. Hence from Proposition
3.4 it follows that Φ is torsion free. In fact one can verify that the holonomy group
is equal to Spin(7), using Maple for instance. This is simply done by verifying
that the dimension of the holonomy algebra, or equivalently by the Ambrose-Singer
Theorem the rank of the curvature operator, is equal to 21. A curious observation
is that the G2 torsion form on L
7 given by
τ = −1
3
t−4/3σ1 − 2
3
t−19/3e5 ∧ e6
has as stabiliser U(2)− →֒ G2 acting by the adjoint representation on Λ214 ∼= g2.
By contrast a generic element of g2 only has T
2 (the maximal abelian subgroup of
G2) as the identity component of the stabiliser group [8]. There are in fact two
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distinguished copies of U(2) in G2; denoted by U(2)
+ and U(2)−, in the notation
of Gavin Ball.
G2: If we keep ω unchanged but modify the complex structure so that
Ω = t(σ3 + iσ1) ∧ (−t−3/2e5 + it3/2dt)
and take H = t and s = 1, then from Proposition 3.3 we see that ϕ is torsion
free. Here dξ is defined as in the Spin(7) example. One can again verify that the
holonomy group is equal to G2 cf. [1, 16].
Remark 6.1. A natural question one might ask is whether there exist any ERP
G2-structures, which arise in the study of Laplacian solitons cf. [8], on the S
1
bundle determined by [σ3] ∈ H2(P,Z) given by
ϕ := ξ ∧ ω +H3/2Ω+
in the family of Kähler SU(3)-structures defined by
ω = d(t · e5),
Ω = t(σ3 + iσ1) ∧ (−fe5 + if−1dt),
for a suitable function f(t). However, the answer turns out to be no; the only ERP
solution in this family is the torsion free one described above.
CY: Following the same strategy, it is easy to see that we obtain a torsion free
SU(3)-structure by keeping ω unchanged and taking
Ω = t(σ3 + iσ1) ∧ (−t−1e5 + it1dt).
Note that from [14, theorem 3.6], we can also construct a metric with holonomy
SU(4) from this Calabi-Yau 3-fold. The SU(4)-structure on Nˆ8 is given by
ωˆ = s2/3ω + ηˆ ∧ d(s2/3),
Ωˆ = Ω ∧ (−ηˆ − i2
3
s5/3ds),
with dηˆ = −ω. Topologically Nˆ8 = Lˆ7×R+s , where Lˆ7 is the S1 bundle determined
by [−ω] ∈ H2(P 6,Z). This gives an example of a cohomogeneity two Einstein
metric. Explicitly it is given by
gˆ = s2/3(t2dt2 + t−2(e5)2 + tgT4) + s
−2ηˆ2 + (
2
3
s2/3ds)2.
By analogy to our construction, this can also be viewed as an ‘inversion’ of the
Kähler reduction, from a CY 3-fold to a CY 4-fold, with the moment map is s2/3.
6.2. Spin(7) metrics from Gibbons-Hawking ansatz. It is clear that one can
replace T4 by any hyperKähler manifold M4 in the above example. Although it is
not generally true that the triple of hyperKähler forms define integral cohomology
classes this is nonetheless always true locally. Thus, combined with the Gibbons-
Hawking ansatz this gives infinitely many local examples of Spin(7)metrics starting
from just a positive harmonic function on an open set in R3.
More precisely, given an open set B ⊂ R3 with the Euclidean metric and coor-
dinates (x, y, z), together with a positive harmonic function V : B → R+ satisfying
[− ∗ dV ] ∈ H2(B,Z). Then we can define a hyperKähler triple on the total space
M4 of the circle bundle by
ω1 = θ ∧ dx+ V dy ∧ dz,
ω2 = θ ∧ dy + V dz ∧ dx,
ω3 = θ ∧ dz + V dx ∧ dy,
where θ is a connection 1-form satisfying dθ = − ∗ dV .
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Corollary 6.2. Given a hyperKähler four-manifold (M4, gM , ω1, ω2, ω3) such that
[ω1], [−ω2], [−ω3] ∈ H2(M,Z), let K7 denote the total space of this T3 bundle. Then
we can define a metric with holonomy contained in Spin(7) on K7 × R+s by
gΦ = s
−2η2 + (s+ c)−2ξ2 + (s+ p)−2α2(6.1)
+ s2(s+ c)2(s+ p)2 ds2 + s(s+ c)(s+ p)gM ,
where c, p ∈ [0,+∞) and the connection 1-forms α, η, ξ satisfy
(dα, dξ, dη) = (ω1,−ω2,−ω3).
Moreover, if M4 admits a triholomorphic S1 action then we can locally write
gM = V
−1θ2 + V (dx2 + dy2 + dz2)
via the Gibbons-Hawking ansatz and hence gΦ is completely determined by V .
The metric (6.1) corresponds to the constant solution with A = 1, (a, b, q) = (0, 0, 1)
and is defined for s ∈ (0,+∞). This metric is incomplete at s = 0 since the circle
fibre corresponding to the connection form η always blows up while the length of
the other two circles fibres converge to c−1 and p−1 as s→ 0. It is not hard to see
that gΦ is complete as s → ∞. These family of metrics might be useful in future
gluing problems as in the hyperKähler case recently investigated in [18].
A remark on the ‘generalised Calabi ansatz.’ The SU(3) and SU(4) holo-
nomy metrics appearing in this section in fact arise from a special case of the Calabi
construction [11]. In our setting this can be neatly described as follows: given a
Calabi-Yau n-fold Nˆ2n with symplectic form σ and holomorphic volume form Ψ we
define a connection 1-form γ on the line bundle LNˆ with Chern class determined
by
dγ = −σ.
We then obtain a torsion free SU(n+1)-structure on an open set of the total space
LNˆ given by
σˆ = −d(r2γ),
Ψˆ = Ψ ∧ (γ + i 2
n+ 2
d(rn+2)),
where r denotes a radial coordinate from the zero section. The examples above
can thus be interpreted as a ‘generalised Calabi ansatz ’ for exceptional holonomy
metrics, whereby one uses the hyperKähler forms ω1, ω2 and ω3 in succession to
construct SU(3), G2 and Spin(7) holonomy metrics.
By contrast to the above examples, where all the circle bundles were determined
by the hyperKähler forms (since we had dα = σ2), in the next section we give
examples corresponding to the case when b 6= 0.
7. More examples
The G2 example we describe in this section has also appeared in [1, 12] but the
Spin(7) metric does not seem to have been mentioned in the literature.
Let P 6 = Q5 × Rt, where Q5 is a nilmanifold whose Lie algebra is given by
(0, 0, 0, 0, 24).
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So Q5 is again topologically a circle bundle over T4. We define a Kähler SU(3)-
structure on P 6 by
ω = e13 − d(t2e5),
Ω = t(−σ1 + iσ3) ∧ (−2t3dt+ it−2e5),
where σi denote the standard self-dual 2-forms as before. The torsion forms are
given by
dΩ+ = −t−1dt ∧ Ω+,
dΩ− = −1
2
t−6e5 ∧ Ω+.
Taking H = t2 so that dξ = −σ3, one can verify directly that the hypothesis of
Proposition 3.3 are satisfied. We thus get a holonomy G2 metric as described in [1].
This was also shown to arise from the Hitchin flow of half-flat SU(3)-structures in
[12]. As before we keep ω unchanged and take
Ω = t(−σ1 + iσ3) ∧ (−2t4dt+ it−3e5).
Taking H = t8/3 we see that the hypothesis of Proposition 3.4 are satisfied and
we have dη = −σ1 and dξ = −σ3. Thus we get a metric with holonomy equal to
Spin(7);
gΦ = (t
2e1)2 + (t3e2)2 + (t2e3)2 + (t3e4)2 + (t−1e5)2 + (t−2η)2 + (t−2ξ)2 + 4t12dt2.
Of course, we can also get holonomy SU(3) and SU(4) metrics by carrying out an
analogous argument as in the previous section.
7.1. Spin(7) metrics from Tod’s ansatz. As in section 6 there is a natural way
of obtaining many local examples using the so-called Tod’s ansatz cf. [2, Prop. 3.1].
The idea is again to apply the Gibbons-Hawking ansatz but choosing a harmonic
function on an open set of R3 which depends on only two variables.
In the notation of subsection 6.2, if we choose V : B → R+, independent of say
coordinate x, then in addition to the Gibbons-Hawking hyperKähler triple, we can
also define an almost Kähler form by
ω0 = θ ∧ dx− V dy ∧ dz.
Thus, we can again appeal to the result of section 5 to construct Spin(7) metrics.
In particular, for A = 1 and (a, b, q) = (0, 1, 1) we have:
Corollary 7.1. Given a hyperKähler four-manifold (M4, gM , ω1, ω2, ω3) together
with an almost Kähler form ω0 compatible with the opposite orientation such that
[ω0+ω1], [−ω2], [−ω3] ∈ H2(M,Z), let K7 denote the total space of this T3 bundle.
Then we can define a metric with holonomy contained in Spin(7) on K7 × R+s by
gΦ = s
−2η2 + (s+ c)−2ξ2 + p−1(2s+ p)−1α2
+ ps2(s+ c)2(2s+ p) ds2 + s(s+ c)gω˜1 ,
where c, p ∈ (0,+∞), gω˜1 is defined by (5.1) and the connection 1-forms α, η, ξ
satisfy
(dα, dξ, dη) = (ω0 + ω1,−ω2,−ω3).
Moreover, if M4 admits a triholomorphic S1 action then gΦ is completely deter-
mined by the harmonic function V (y, z), as in Tod’s ansatz.
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8. Hypersurfaces and Hitchin flow
In this section we explain how the aforementioned metrics may also be obtained
by evolving cocalibrated G2-structures. It is well-known that an oriented hypersur-
face L˜ in a Spin(7) manifold (N8,Φ) inherits a cocalibrated G2-structure defined
by
φ = ny Φ,
where n denotes the unit normal vector field. As a converse Hitchin shows that
given a cocalibrated G2-structure φ0 on a compact seven-manifold L˜ one can define
a torsion free Spin(7)-structure on N = L˜× (0, T ) by solving the system
dL˜(∗φtφt) = 0,(8.1)
∂
∂t
(∗φtφt) = dL˜φt,(8.2)
where t ∈ (0, T ), [20, Theorem 7]. Moreover, Bryant shows that if φ0 is real analytic
then there always exists a local solution to (8.1) and (8.2), cf. [9, Theorem 7]. The
resulting Spin(7) form on N8 is then given by
Φ = dt ∧ φt + ∗φtφt.
There is also an analogous theory for oriented hypersurfaces in G2 manifolds [20,
Theorem 8]. In fact the G2 holonomy metrics appearing in the last two sections have
been described via this technique in [12]. We now demonstrate how the Spin(7)
examples corresponding to constant solutions may be obtained via the Hitchin flow.
From the definition of α and the expression relating the metrics gΦ and gω, it is
straightforward to compute
‖dH‖gΦ =
A
u1/2H1/2s1/3s′
.
Thus we can define a geodesic coordinate t on N by
t =
1
A3/2
∫
s(s+ c)((p+ qs)2 − (a+ bs)2)1/2ds.
The hypersurfaces L˜t in N
8 corresponding to level sets of t are the T3α,ξ,η bundles
overM4 defined by (5.2) and are endowed with cocalibratedG2-structures φt. From
our expression for Φ we have that
∗φtφt = η ∧ ξ ∧ ω˜1 +
(s+ c
A
)
η ∧ α ∧ ω2 + s
2(s+ c)2
2A2
ω˜1 ∧ ω˜1 + sα ∧ ξ ∧ ω3.
It is easy to see, from the expressions of the curvature forms (5.2), that (8.1) holds
on L˜t. We leave it to the interested reader to verify that (8.2) also holds.
For instance, in the GLPS Spin(7) example we find that 4t = H3 = s4 and an
orthonormal coframing for φt is given by
s3/2e1, s3/2e2, s3/2e3, s3/2e4, s−1η, s−1ξ, s−1α.
Remark 8.1. Although there are many cocalibratedG2-structures on nilmanifolds,
the scarcity of finding explicit metrics with holonomy equal to Spin(7) stems from
the fact that the Hitchin flow is generally hard to solve and moreover, it often leads
to SU(4) holonomy metrics rather than Spin(7) cf. [15].
9. Perturbation of constant solutions
In this section we describe explicit solutions to Corollary 4.4 which vary on M4
i.e. with dMu 6= 0. Our solutions are obtained by perturbing the Kähler potential
of the constant solution examples. We shall again assume that (M4, ω1, ω2, ω3) is
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a hyperKähler manifold together with an anti-self-dual 2-form ω0 as in section 5.
We look for solutions to (4.6) and (4.7) with ω˜1 of the form
ω˜1 = (a+ bs)ω0 + (p+ qs)ω1 + dMd
c
MG.
When G = 0 we recover the constant solution metrics. We also know from the global
ddc lemma that any Kähler form in the same cohomology class can be expressed in
this form. Equation (4.7) can now be written as
(9.1) dMd
c
M (u −A2G¨) = 0,
and condition (4.6) becomes
u · ω21 =
s(s+ c)
A
(
(
(p+ qs)2 − (a+ bs)2 + (p+ qs)∆MG
)
· ω21(9.2)
+ 2(a+ bs)(dMd
c
MG) ∧ ω0 + (dMdcMG)2),
where ∆M denotes the Hodge Laplacian on (M
4, gω1 , J1). Note that we can also
express the last term as
(dMd
c
MG)
2 = (
1
4
(∆MG)
2 − 1
2
‖(dMdcMG)0‖2gω1 ) · ω
2
1 ,
where (dMd
c
MG)0 denotes the traceless component of dMd
c
MG or equivalently its
projection in Λ2−. The system (9.2) and (9.1) is still quite hard to solve in full
generality, so we shall make some further simplifying assumptions.
It is known from [3, Theorem 2.4, 3.2] that a smooth real function F on M
satisfies
(dMd
c
MF )
2 = 0
if and only if M admits a foliation by complex submanifolds, with the leaves cor-
responding to the integral (complex) curves of the ideal generated by dMd
c
MF . In
this case we may assume there exists locally a fibration π : M4 → Σ2, where Σ is a
complex curve and that F descends to a function on Σ. Under this hypothesis on
G, for each s, we can eliminate the quadratic term in (9.2) .
We illustrate how one can construct metrics depending on Σ2 × R+s with holo-
nomy equal to Spin(7) under these assumptions by perturbing the GLPS example.
Example. Consider M = T4 with local coordinates (x1, x2, x3, x4) and endowed
with the standard flat hyperKähler structure. We set (a, b, p, q) = (0, 0, 0, 1), A = 1
and consider G of the form:
G(s, x1, x2) = v(s) · F (x1, x2) + 1
12
s4.
Σ2 here is the elliptic curve T2 with coordinates (x1, x2). Defining u by
u = G¨
automatically solves (9.1), and (9.2) becomes equivalent to the pair;
∆MF = µF,
v¨ = µs2v,
where µ is a constant. The reader might recognise that the second equation is the
well-known Weber equation. With µ = 1, a simple solution is given by
F = sin(x1),
v = U(0,
√
2s),
where U(a, t) denotes the parabolic cylinder function. From Corollary 4.4 we find
that the connection form α is given by
α = dx5 − v˙ cos(x1)dx2,
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where x5 denotes the angular coordinate on the S
1 fibre. One can verify that gΦ,
well-defined for {s | U(0,√2s) < 1}, has holonomy equal to Spin(7). Thus this
gives a Spin(7) perturbation of the GLPS metric.
Setting f(x1, s) = 1 + sin(x1)v(s) and denoting by (x6, x7) the coordinates on
the T2 fibres, we can express the connection forms as
ξ = dx6 − x3dx1 − x2dx4,
η = dx7 − x4dx1 − x3dx2.
and hence, the perturbed metric can be expressed in local coordinates as
gΦ = s
2(f(dx21 + dx
2
2) + dx
2
3 + dx
2
4) + f
−1α2 + s−2(ξ2 + η2) + s4fds2.
One can get other similar examples by choosing µ = −1 and allowing F to depend
on both x1 and x2 for instance.
Remark 9.1. Another source of compact examples fitting in the above construction
are elliptic K3 surfaces, e.g. Kummer surfaces. These examples however require
more sophisticated tools to study as the metrics are no longer explicit.
We conclude our study of the S1 Kähler reduction and now proceed to the T2 case.
10. Further reduction II
10.1. T2 Kähler reduction. Recall from subsection 3.2 that there are two natural
constraint to impose on the function s. The first is that s is a function of H , and
the second that s and y := Hs−1/3 are independent functions on P 6 with U and
W orthogonal. Having investigated the former situation, we shall now study the
latter case and give yet more examples of Spin(7) metrics.
We follow the same strategy as in the proof of Theorem 4.1. We first define
connection 1-forms α and κ on P by
α(·) = gω(U, · )u,(10.1)
κ(·) = gω(W, · )w,(10.2)
where u := ‖U‖−2ω and w := ‖W‖−2ω . From our assumptions on U and W , it is
easy to see that they commute and that they are infinitesimal symmetries of the
SU(3)-structure. Hence they define a (C×)2 action on P 6 and we can once again
carry out a Kähler reduction:
(P 6, ω,Ω, J)
/T2−−→ (Σ2, ω˜,Υ, J˜).
The holomorphic (1, 0)-form Υ on Σ2 is defined by
Υ1 − iΥ2 := 1
4
(W − iJW )y(U − iJU)y(H1/2s1/3Ω)
and the quotient symplectic form ω˜(s, y) is given by
ω = −α ∧ dy + κ ∧ ds+ ω˜(s, y).
Note that if Σ2 is compact then it must be an elliptic curve, since it has trivial first
Chern class. Unlike in the previous case however the horizontal lifts of U and W
do not preserve the Spin(7)-structure as
LUη = Υ2 and LW ξ = −Υ1.
Hence, for each fixed s and H , the six dimensional hypersurface in N8 corresponds
to a T2 bundle over a T2 bundle over the surface Σ2. In the case when Σ = T2, this
hypersurface is just a nilmanifold. Thus, we shall generally refer to these hypersur-
faces as ‘nilbundles’.
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From (3.5) and (3.6) we can equivalently write α and κ as
α = −udcy,(10.3)
κ = wdcs.(10.4)
As in subsection 4.1, we can once again express the data (P 6, ω,Ω, α, κ) purely
in terms of (Σ2, ω˜,Υ, u(s, y), w(s, y)), and thus provide a way to invert the Kähler
reduction. The proof follows the same strategy as in the previous case. The result
is summed up as follows:
Theorem 10.1. Given a complex curve (Σ2, J˜) with a holomorphic (1, 0)-form
Υ1 − iΥ2, a 1-parameter family of positive functions u = u(y) and w = w(s), and
a family of Kähler forms ω˜(s, y) satisfying
−(s · y) ω˜ = (u · w)Υ1 ∧Υ2,(10.5)
∂2ω˜
∂y2
= dΣd
c
Σu,(10.6)
∂2ω˜
∂s2
= dΣd
c
Σw,(10.7)
∂2ω˜
∂y∂s
= 0,(10.8)
where dΣ denotes the exterior differential on Σ
2 and dcΣ := J˜ ◦ dΣ. Then there
exists, on the ‘nilbundle’ over Σ2 × R+s × R+y , defined by the curvature 2-forms:
dα = −dcΣu ∧ dy +
∂ω˜
∂y
,
dκ = dcΣw ∧ ds−
∂ω˜
∂s
,
dξ = Υ1 ∧ κ+Υ2 ∧w ds,
dη = α ∧Υ2 + u dy ∧Υ1,
a torsion free Spin(7)-structure Φ inducing the metric:
(10.9) gΦ = s
−2η2 + y−2ξ2 + y · s (u−1α2 + u dy2 + w−1κ2 + w ds2 + gω˜),
where gω˜ denotes the Kähler metric on (Σ
2, J˜) determined by ω˜.
10.2. A general existence result. Before constructing explicit examples we first
describe how to find a general solution to Theorem 10.1.
We pick complex coordinate z = x1 + ix2 on Σ
2 so that we can write Υ =
dx1 + idx2 and the Kähler form is given by
ω˜ = F (y, s) dx1 ∧ dx2,
where F is a positive function on Σ2 depending on y and s. From equation (10.8)
it follows that
F (s, y) = F1(y) + F2(s).
Thus, equations (10.6) and (10.7) are equivalent to the pair:
∂2F1
∂y2
= −(ux1,x1 + ux2,x2),(10.10)
∂2F2
∂s2
= −(wx1,x1 + wx2,x2),(10.11)
while equation (10.5) reduces to
(10.12) s · y (F1(y) + F2(s)) = u(y) · w(s).
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It follows, without loss of generality, that either F1 or F2 must be zero and hence,
that either u(y) or w(s) is a 1-parameter family of harmonic functions on Σ2. In
particular if Σ = T2 then either u or w is constant.
Assuming that F2 = 0, (10.11) and (10.12) implies that
F1(y) =
(
u(y)
y
)
·G(x1, x2) and w(s) = s ·G(x1, x2),
for a positive harmonic function G : Σ → R+, independent of s and y. Therefore,
solving the general system of Theorem 10.1 amounts to solving the single PDE
(10.13) G · ∂
2
∂y2
(u˜(y)) = y ·∆Σu˜(y),
where u˜(y) := u(y)y and ∆Σ denotes the Hodge Laplacian on Σ
2. Given real analytic
initial data we can once again appeal to the Cauchy-Kovalevskaya theorem for the
existence and uniqueness of a real analytic solution.
Corollary 10.2. Given real analytic functions u0 and u1 on (an open set of) a
complex curve (Σ2, J1,Υ1−iΥ2) with u0 > 0, then there exists a unique real analytic
solution u˜(y), for y in a small interval, to (10.13) with u˜(0) = u0 and
∂u˜
∂y (0) = u1,
and hence by Theorem 10.1 a torsion free Spin(7)-structure.
Remark 10.3. If we look for separable solutions u˜ = A(y) ·B(x1 , x2), then (10.13)
becomes equivalent to the pair
∂2
∂y2
A(y) = µ · y · A(y),(10.14)
∆ΣB = µ ·G ·B,(10.15)
where µ is a constant and equation (10.14) is the well-known Airy equation for
µ 6= 0.
In summary, we have reduced the problem of finding Spin(7) metrics admitting
Kähler reduction with T2 symmetry to choosing a positive harmonic function G
and solving (10.13). We now proceed to describe some explicit examples.
11. Constant solutions II
In this section we describe the simplest solutions which arise when u and w are
both constant on Σ2. Without loss of generality, this corresponds to setting µ = 0,
B = 1 and G = c is a positive constant, in (10.14) and (10.15). The general solution
is then given by
w(s) = cs,
u(y) = y(p+ qy),
ω˜ = c(p+ qy) dx12,
where p, q ∈ R and the positivity condition on u implies that the solution is valid
for p+ qy > 0.
Denoting the coordinates on the torus fibres by (x3, x4, x5, x6), we can express
the connection 1-forms as
α = cqx1dx2 + dx3,
κ = dx4,
ξ = dx5 + x1dx4 − csx2ds,
η = dx6 + x2dx3 − yx1(p+ qy)dy.
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If we fix y and s, then we have that
(dα, dκ, dξ, dη) = (cqdx12, 0, dx14, dx23).
Thus, it follows that if Σ = T2 then these hypersurfaces are diffeomorphic to
nilmanifolds with nilpotent Lie algebra isomorphic to either
(0, 0, 0, 0, 12, 34) or (0, 0, 0, 12, 13, 24),
depending on whether q is zero or not. The former corresponds to the 2-step
nilpotent Lie algebra of the product of two real Heisenberg groups while the latter
corresponds to an indecomposable 3-step nilpotent Lie algebra.
One can verify that the corresponding metrics determined by expression (10.9):
gΦ = s
−2η2 + y−2ξ2 + s(p+ qs)−1α2 + c−1yκ2
+ y2s(p+ qs)dy2 + cys2ds2 + csy(p+ qy)(dx21 + dx
2
2),
have holonomy equal to Spin(7). Thus, this classifies the constant solution exam-
ples. We shall now consider some non-constant solutions.
12. Examples of non-constant solutions
In this section we give explicit examples of Spin(7) metrics which vary on Σ2.
To illustrate the different cases that can arise from our construction, in the first
example we consider a non-compact surface so that we may choose non-constant
harmonic functions on Σ2 and in the second example we consider a separable so-
lution with µ = 1 on T2. As in the previous section we shall denote the fibre
coordinates by (x3, x4, x5, x6).
Example 1. We take Σ = C − B1(0), where B1(0) denotes the unit ball centred
at the origin, with the holomorphic form Υ = dx1 + idx2 as before. Following
the strategy outline in subsection 10.2 we find that a solution is given by choosing
F1(y) = y ln(r), F2(s) = 0, w(s) = s ln(r) and u(y) = y
2, where r := x21 + x
2
2. The
connection 1-forms are given in coordinates by:
α = dx3 + (x1 ln(r) − 2x1 + 2x2 arctan
(x1
x2
)
)dx2,
κ = dx4 − 1
2
s2dcΣ ln(r),
ξ = dx5 + x1dx4 +
1
2
s2 ln(r)dx2
η = dx6 + x2dx3 − x1y2dy.
One can again check that the induced metric has holonomy equal to Spin(7). Note
that N8 is topologically a product bundle on Σ2 since H2(Σ,Z) = 0.
Example 2. We now take Σ = T2 endowed with the standard flat Kähler structure.
With µ = 1 the general solution to (10.14) is the Airy function Ai(y). Thus, picking
F1(y) = Ai(y) sin(x1), F2(s) = 0, w(s) = s and u(y) = yAi(y) sin(x1), we obtain
another solution. The connection 1-forms are given by:
α = dx3 −Ai′(y) cos(x1)dx2,
κ = dx4,
ξ = dx5 + x1dx4 − sx2ds,
η = dx6 + x2dx3 + yAi(y) cos(x1)dy.
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The resulting Spin(7) metric is well-defined on the set where u > 0. Note that we
can also modify this example by taking Σ = C and µ = −1 to get different examples.
Concluding Remarks In this paper we have investigated the T2-reduction of
torsion free Spin(7) structures under the assumption that the quotient is Kähler.
However as shown in section 2 the quotient SU(3)-structure is generally only almost
Kähler. Thus, it would interesting to investigate if other types of SU(3)-structures,
which are non-generic, can arise as well. From the results of this paper, it follows
that, even locally, such a quotient cannot be a Calabi-Yau 3-fold unless N8 is the
Riemannian product P 6 × T2. Furthermore, we have been able to prove that the
quotient cannot be a special generalised CY 3-fold as well. This still leaves plenty
other cases to study. By contrast, in the G2 case it is not hard to see that only two
types of SU(3)-structures can arise, namely the Kähler one or the generic one i.e.
with neither π1 nor π2 zero, in the notation of section 2. The latter case occurs,
for instance, for the circle reduction of the Bryant-Salamon metric on the spinor
bundle of S3. Another interesting problem would be to investigate if one can find
smooth completions of our Spin(7) metrics. This will likely require the study of
non-free torus actions.
References
[1] Vestislav Apostolov and Simon Salamon. Kähler Reduction of Metrics with Holonomy G2.
Communications in Mathematical Physics, 246(1):43–61, 2004.
[2] John Armstrong. An ansatz for almost-Kähler, Einstein 4-manifolds. Journal fur die Reine
und Angewandte Mathematik, 542:53–84, 2002.
[3] Eric Bedford and Morris Kalka. Foliations and complex Monge-Ampère equations. Commu-
nications on Pure and Applied Mathematics, 30(5):543–571, 1977.
[4] Lucio Bedulli and Luigi Vezzoni. The Ricci tensor of SU(3)-manifolds. Journal of Geometry
and Physics, 57(4):1125–1146, 2007.
[5] Roger Bielawski. Complete hyperKähler 4n-manifolds with a local tri-Hamiltonian Rn-action.
arXiv e-prints, page arXiv:9808134, 1998.
[6] Thomas Bruun Madsen and Andrew Swann. Toric geometry of spin(7)-manifolds. Interna-
tional Mathematics Research Notices, 2019. rnz279.
[7] Robert L. Bryant. Metrics with exceptional holonomy. Annals of Mathematics, 126(3):525–
576, 1987.
[8] Robert L. Bryant. Some remarks on G2-structures. In Proceedings of Gökova Geometry-
Topology Conference 2005, edited by. International Press, 2006.
[9] Robert L. Bryant. Non-embedding and non-extension results in special holonomy. The Many
Facets of Geometry: A Tribute to Nigel Hitchin, pages 346–367, 2010.
[10] Robert L Bryant and Simon M Salamon. On the construction of some complete metrics with
exceptional holonomy. Duke Math. J., 58(3):829–850, 1989.
[11] Eugenio Calabi. On Kähler manifolds with vanishing canonical class. In Algebraic Geometry
and Topology, pages 78–89. Princeton University Press, 1957.
[12] Simon Chiossi and Simon Salamon. The intrinsic torsion of SU(3) and G2 structures. In
Differential Geometry, Valencia 2001, pages 115–133. World Scientific, 2002.
[13] Lorenzo Foscolo. Complete non-compact Spin(7) manifolds from self-dual Einstein 4-orbifolds.
arXiv e-prints, page arXiv:1901.04074, 2019.
[14] Udhav Fowdar. S1-quotient of Spin(7)-structures. arXiv e-prints, page arXiv:1909.03962,
2019.
[15] Marco Freibert. SU(4)-holonomy via the left-invariant hypo and Hitchin flow. Annali di
Matematica Pura ed Applicata, pages 1051–1084, 12 2016.
[16] G.W. Gibbons, H. Lü, C.N. Pope, and K.S. Stelle. Supersymmetric domain walls from metrics
of special holonomy. Nuclear Physics B, 623(1):3–46, 2002.
[17] Alfred Gray and Luis M. Hervella. The sixteen classes of almost hermitian manifolds and
their linear invariants. Annali di Matematica Pura ed Applicata, 123:35–58, 1980.
[18] Hans-Joachim Hein, Song Sun, Jeff Viaclovsky, and Ruobing Zhang. Nilpotent structures and
collapsing Ricci-flat metrics on K3 surfaces. arXiv e-prints, page arXiv:1807.09367, 2018.
[19] Nigel Hitchin. The geometry of three-forms in six and seven dimensions. Journal Differential
Geometry, 55(3):547–576, 2000.
SPIN(7) METRICS FROM KÄHLER GEOMETRY 25
[20] Nigel Hitchin. Stable forms and special metrics. In Global differential geometry: the math-
ematical legacy of Alfred Gray (Bilbao, 2000), number 288 in Contemporary Mathematics,
pages 70–89, 2001.
[21] Nigel J Hitchin, Anders Karlhede, Ulf Lindström, and M Roček. HyperKähler metrics and
Supersymmetry. Communications in Mathematical Physics, 108(4):535–589, 1987.
[22] Dominic Joyce. Riemannian holonomy groups and calibrated geometry, volume 12. Oxford
University Press, 2007.
[23] S. Kobayashi and K. Nomizu. Foundations of Differential Geometry II. Volume 61 of Wiley
Classics Library. Wiley, 1963.
[24] Thomas Bruun Madsen. Spin(7)-manifolds with three-torus symmetry. Journal of Geometry
and Physics, 61(11):2285 – 2292, 2011.
[25] Simon. Salamon. Riemannian geometry and holonomy groups. Longman Scientific & Techni-
cal, 1989.
[26] Simon Salamon. A tour of exceptional geometry. Milan Journal of Mathematics, 71(1):59–94,
2003.
[27] S.M. Salamon. Complex structures on nilpotent Lie algebras. Journal of Pure and Applied
Algebra, 157(2):311 – 333, 2001.
[28] Shing-Tung Yau. On the Ricci curvature of a compact Kähler manifold and the complex
Monge-Ampére equation, I. Communications on Pure and Applied Mathematics, 31(3):339–
411, 1978.
University College London, Department of Mathematics, Gower Street, WC1E
6BT, London, UK
E-mail address: udhav.fowdar.12@ucl.ac.uk
